Einstein observers in flat space-time are inertial observers which use light to synchronize their clocks. For such observers, speed of light is a constant by construction. However, one can impose BMS super-translations on flat space-time and the Einstein observers to introduce BMS observers. From the point of view of BMS observers, speed of light is not a constant all over the space-time and in all directions. So in general, clocks which are synchronized for Einstein observers are not synchronized for BMS observers, and vice versa. Based on this fact, we propose a local observable for detecting the soft hairs, which is the variations in speed of light for such observers.
Introduction
Studying diffeomorphisms as symmetries of covariant gravitational theories has been a fruitful line of research after introduction of general relativity. One of the interesting achievements in this subject has been realization of asymptotic symmetry groups (ASG). ASG is a subset of diffeomorphisms which has non-trivial conserved charges, and can carry non-trivial physical contents. It has been studied for different asymptotics and boundary conditions (see examples in [1] [2] [3] [4] [5] [6] ). Especially, for the asymptotically flat space-times in 4 dimensions, the group of asymptotic symmetries has been realized to be the BMS 4 group, consisted of super-translations [1, 2] and super-rotations [4] . The presence of new conserved charges associated with such group of symmetries has opened new insights towards resolving black hole microstate problem [7] (e.g see [8] ), as well as information paradox [9] (e.g as in [10] ).
An interesting consequence of realization of BMS 4 as an ASG is that it makes the vacuum of the theory to be degenerate. Different states of the vacuum, which are called soft hairs, are labeled by ASG conserved charges. However, the observability of the ASG charges, the soft charges, are under question. So far, to the best of our knowledge, there is not yet any proposal for direct local observation of soft hairs and soft charges. However, there is an interesting indirect method to detect the soft hairs, which is called gravitational memory (GM) [11] [12] [13] . GM is a permanent displacement in the position of two test particles at infinity, when a gravitational wave (GW) propagates and passes from them. It has been shown that a GW can change the asymptotic geometry, and variate the soft hairs and soft charges. The connection between these two phenomena, the GM and changes in soft charges of ASG, has been discovered by Strominger and Zhiboedov in [14] .
In this paper, we suggest another local observable to detect the soft hairs. The proposal is based on detection of speed of light rays which propagate with unequal speeds on different soft background states. The paper is organized as follows. In the next section, we revisit Einstein observers whose speed of light is conventionally chosen to be a constant. Then, the BMS observers are briefly reviewed, and it is shown that for them the speed of light is generally not a constant. In section 3, the GM is reviewed, and finally in section 4, we connect the results in section 2 and 3, i.e. the light speed and GM. In the last section, it will be shown that the BMS time coordinate is the physical time by which the speed of light should be measured after a GW.
Einstein observers vs. BMS observers
Einstein observers: The 4 dimensional Minkowski space-time in Cartesian coordinates is simply
in which t and x = (x 1 , x 2 , x 3 ) denote time and space coordinates respectively. The signature of the metric is chosen to be (−, +, +, +). Observers in these coordinates, which we call Einstein observers, measure the speed of light to be equal to 1 everywhere in the space-time and in any direction. This terminology originates from Einstein synchronization method of clocks. In his method, clocks (which are at rest in different points of space) are synchronized using light rays. Each clock is set such that the speed of light would be a constant when it is measured at any position and moment, and in any spatial direction. Let us give a simple example. Consider two clocks at rest on the x 1 axis, with the spatial distance ∆x 1 = ℓ. One of the clocks is set to zero, while sending a light ray from it towards the other clock. When the light reaches the other clock, that clock is set to ℓ. This is the method which Einstein used to define simultaneity in all rest frames in special relativity. Nonetheless, in general such a synchronization is conventional, and one can use another methods to define simultaneity.
In ASG analysis at null infinity of asymptotic-flat space-times, it is conventional to use x µ = (u, r, z,z) coordinates instead of Cartesian coordinates via transformations:
to re-write the Minkowski metric as
In this coordinate, z runs over the whole complex plane, north pole is at z = 0, equator is at zz = 1, and south pole is at z → ∞. It is easy to check that in this coordinate, the speed of light is kept intact, and is equal to the constant 1. Let us check this for radial light rays, as well as tangential light rays on equator. For the radial light rays dz = dz = 0. The speed of light is defined via derivative of radial length element with respect to time, which is dr/dt. The relation du = dt − dr and the null condition ds 2 = 0 in the metric (3) yields dr/dt = 1, which is the expected speed of light. For the tangential light rays on equator, zz = 1 and dr = 0. Accordingly, du = dt, and so the u coordinate can be used as the time coordinate in calculation of light speed. Besides, on the equator γ zz = 1/2, and the spatial line element is equal to √ r 2 dzdz. Hence, the speed of light is read to be √ r 2 dzdz/du. Requesting ds 2 = 0 in the metric (3), provides
BMS observers: In order to distinguish the BMS observers, it is useful to introduce a notation. If we denote the coordinates (z,z) by the Latin indices a, b, c, ..., then D a means covariant derivative on the 2-spheres of constant u and r. In other words, one uses the γ ab matrix (with components γz z = γ zz in (3), and γ zz = γzz = 0) to define covariant derivative on the spheres. In addition, the inverse of matrix γ ab , which is denoted by γ ab , is used to raise the Latin indices. Now we are ready to apply super-translations on the Einstein coordinates x µ and metric in (3), to introduce the BMS observers. A generic super-translation generator is generated by the following vector fields [1, 2] :
in which f is a function of coordinates on the sphere, i.e. f (z,z). The "· · · " denotes extra terms that are sub-leading in orders in r, which are not important in the analysis in this paper. Applying such an infinitesimal transformation on the coordinates x µ and the metric (3) results to the new coordinates x ′µ = x µ + ζ µ and metric below 3 via g ′ µν = g µν − L ζ g µν :
We have denoted the new coordinates with prime to carefully distinguish the two family of observers associated with them. The observers associated with the new coordinates x ′µ are called BMS observers. The new functions in the new metric (6), the BMS metric, are related to the f (z,z) by the following constraints:
Speed of light: The light speed in BMS coordinates is not a constant in all points of the spacetime, and in all spatial directions. This could be guessed by noting that the Poincaré group is the largest (linear) transformations which keep the light speed invariant in flat space-time. The BMS super-translation as a group is much larger group than the translations in Poincaré group, and one could expect that they change the light speed. Nonetheless, one should check this guess explicitly, because the BMS transformations are non-linear transformations. It suffices to show that at some points of space-time and in some directions in BMS coordinates, the light speed is not equal to 1. To this end, let us consider the tangential light rays on the zz = 1. For tangential motions dr ′ = 0, and so u ′ is an appropriate time coordinate to calculate the light speed. The spatial line element which is tangent to the spheres of constant u ′ and r ′ can be read from the metric (6) by considering du ′ = 0 and dr ′ = 0, which yields
. Imposing the null condition ds 2 = 0 in BMS metric, the BMS tangential speed of light is read as Notice that Einstein and BMS observers not only differ in synchronization of their clocks, but also in labeling their positions. This can be seen directly from the BMS generators in (5) , which change other coordinates in addition to the time u. One also might be concerned about how it is possible to distinguish u ′ as a physical time to calculate the light speed. This issue will be addressed in the last section.
Gravitational memory for BMS observers
In this section, GM analysis in the language of Strominger and Zhiboedov in [14] (which is pedagogically presented in [15] ) is reviewed. For book keeping, we will not repeat all the details of calculations. An interested reader can find the details in the references. However, the analysis is reported such that the role of BMS observers and their coordinates would be explicit.
In the set up proposed for observing gravitational memory, one begins with an asymptotically flat background metric. Using the convention in clock synchronization, the initial metric can asymptotically chosen to be in the form of Einstein metric (1) . In this background, one installs two test particles (or detectors) at rest, labeled by numbers 1 and 2, in the spatial coordinates X 1 = (r 0 , z 0 ,z 0 ) and X 2 = (r 0 , z 0 + ∆z,z 0 + ∆z) respectively. It is assumed that r 0 , which is the common radius of the test particles, is very large compared to the scales of the matter contents in the bulk. In other words, the test particles are installed in asymptotics. Moreover, it is also assumed that ∆z and ∆z are infinitesimal and of order ∼ 1/r 0 , to provide finite spatial distances in the limit r 0 → ∞. Over time, each one of the test particles constitute a world-line in the space-time. For example, if the particles are not forced to change their positions, their world-lines are identified by X µ 1 = (u, r 0 , z 0 ,z 0 ) and X µ 2 = (u, r 0 , z 0 + ∆z,z 0 + ∆z) in which u is a variable. A covariant distance is by definition a relation between two events, not two world-lines. So in general, especially when the system is not static (as it is true in the case when a GW passes), one can not define a covariant distance between two world-lines. But, it is possible to define spatial distances, when the system reaches to a static configuration. In other words, depending on the choice of a system of coordinates, one defines the spatial coordinate difference ∆X µ and spatial distance ∆s as
The time which is denoted by u * identifies the hyper-surface of simultaneity at which the measurements are performed. It is worth emphasize that although the terms in (9) look like to be covariant, but they depend on the choice of coordinates, and hence are sensitive to the choice of the observers.
Gravitational memory: By preparing the setup above, and fixing the clock synchronization convention to be e.g. the Einstein convention, let a burst of matter, or two coalescing black holes, or any other possible source radiate a pulse of GW, propagating towards the null infinity. The time when the pulse reaches the test particles at radius r 0 is denoted by u 0 , and the time when it passes completely from the particles is denoted by u 0 + δu. Before and at the time u 0 , the metric is (conventionally chosen to be) the Einstein metric (3) (which will be denoted by g µν , i.e. without prime). In addition, the spatial distance (as measured by Einstein observers) between the test particles is
The analysis of dynamics of such a setup in the literature shows that after the GW passes, the metric changes from the Einstein metric (3) to BMS metric (6) . Besides, the ∆s changes by a non-zero term. These two changes are related to each other. This is the connection between ASG (incarnated in BMS metrics) and GM (saved in changes in particles distance) which was discovered by Strominger and Zhiboedov in 2014 [14] . To make this paper self-contained, we repeat the main steps in their analysis. However to be clear and as simple as possible, the details are removed and the final results are simply reported (see exercise 13 and answer to it in [15] to find all details). Let us denote the metric and world-line of particles after the GW by primes, i.e. as g ′ µν and X ′µ .
1. In order to calculate δ∆s, one needs to calculate g ′ µν = g µν +δg µν and ∆X ′µ = ∆X µ +δ∆X µ . After finding these quantities, they are inserted in the following equation
while keeping to the appropriate powers of δ and orders of r 0 .
2. To find g ′ µν , the dynamics of the metric is analyzed using the Einstein field equations, when a GW passes from initial time u 0 to a final time u 0 + δu. The result turns out to be the BMS metric in (6) . The functions δC zz and δCzz can be calculated from specifications of the GW. However the explicit functionality of these functions is not important in our discussion.
3. The ∆X ′µ is found by studying the geodesics of each particles. To this end, one needs to solve the geodesic equation v µ ∇ µ v ν = 0, with v µ 0 = (1, 0, 0, 0) as initial velocity for each one of the particles, and X µ 0,1 = (u 0 , r 0 , z 0 ,z 0 ) and X µ 0,2 = (u 0 , r 0 , z 0 + ∆z,z 0 + ∆z) as the initial positions of the particles 1 and 2 respectively. The bottom-line of the calculation, to the relevant order of 1/r expansion, is as follows:
• the velocities v µ for each one of particles approximately do not change during the evolution, i.e. v ′µ ≈ v µ 0 , • ∆X µ does not change too. Expressing carefully,
Notice that we have dropped the terms in the results above which in the expansions of 1 r 0 would be irrelevant to the GM, i.e. these results are reported such that eventually are enough to find the desired results, which is the leading variations in ∆s.
4. The final step is calculating δ∆s using the results derived above. Inserting the g ′ µν from (6) and ∆X ′µ from (12) into the (11), then
This is the final result in the GM analysis. From this result it can be concluded that the functions δC zz and δCzz which play a major role in calculating charges for the super-translations, can be detected by the GM.
By the notation u ′ = u 0 + δu, it becomes clear from (12) that in the derivation of the result above, one has used the surfaces of constant time in BMS coordinates. It will be explained in the next section how the light speed, which is also observer dependent, can be used as a local observable to measure the soft changes in the space-time after a GW.
Gravitational memory is saved in speed of light
Let us begin with observers at rest in the asymptotic Minkowski space-time. The observers have used the convention of clock synchronization to put the speed of light equal to 1, before a GW arrives. So, in the terminology and notation used in the previous sections, the observers are Einstein observers, and c = 1 for u < u 0 .
So, the metric is the Einstein metric (3). When a GW passes completely, the metric would be deformed to be BMS metric (6) , whose speed of light is measured to be different than 1 in some points and directions. Especially according to (8) , for the tangential speed of light on the equator
This is the most important relation in this paper. It clearly shows that after a GW the light speed will be different in different tangential directions. The functions δC zz and δCzz can be read from the specifications of the passed GW. This is a standard result in the literature, and here the final result is reported. Denoting the energy-momentum tensor of the GW by T µν , then the function δC zz can be calculated [15] by
where G is the Green's function satisfying
We will not analyze different sources of GW which lead to different T µν in the equation above. However, a hand-waving argument can be provided to compare the significance of the change of light speed w.r.t the significance of the GM in the test particles. To this end, from equation (10) the approximation ∆z ∼ ∆z ≈ L 0 /r 0 can be read. Considering this approximation in GM for test particles in equation (14) yields
On the other hand, from the equation (4) one can find the approximation dz ′ /du ′ ∼ dz ′ /du ′ ≈ 1/r 0 . Inserting this approximation in variation of tangential light speed in (16) results to
It is clear from the results above that the fall-off behavior of the GM in the test particle system and the variation of light speed are similar, i.e. of order of 1/r 0 . Nonetheless, GM in test particle system is encoded in δC zz and δCzz, while GM in the light speed is saved in their tangential derivatives.
Change of light speed or clock desynchronization?
An acute reader might have posed a question why the coordinate u ′ is chosen in the definition of light speed after a GW. In other words, why c ′ is defined by taking derivative of the line element w.r.t u ′ . This question is legitimate, because u ′ seems to be just a time coordinate, which might be different from the physical time. According to this ambiguity of surfaces of constant time, one could also be skeptic about the spatial line element in the definition of c ′ . However, this latter is not a real challenge, because the clocks are at rest after a GW, and the definition of spatial line element is independent of the way that clocks are synchronized. This is a fact which is at the heart of Einstein method of synchronization, which can be explained as "the spatial distance of clocks at rest are well-defined without identifying any clock synchronization."
Following the question above, and interestingly, we found that Strominger and Zhiboedov in [14] had calculated exactly the same result as our result in (16) (see eq. 4.9 in that reference. It is twice our result, because they have studied the return of light to its sender too.). Nonetheless, they have calculated and interpreted it as clock desynchronization. In their derivation, they assumed the light speed to be 1 in the BMS coordinates, and based on this assumption, they found that the clocks are desynchronized when one compares them with the time coordinate u ′ . This is in contrast with our analysis, where the clocks are considered to be synchronized in the coordinate u ′ , and the speed of light is not equal to 1. The question is how to realize which one of the two descriptions is physically appropriate. The key point to find the answer is the following proposition:
If clocks at rest are synchronized by some method (e.g. Einstein method) before a GW, then after the GW there is a privileged surface of constant time, which is realized by what the clocks are indicating late enough after the GW.
The claim is that these privileged surfaces of constant time are the surfaces of constant u ′ . To prove the claim, one can look at the velocity 4-vectors of test particles, which can also be considered as clocks at rest before and after a GW. Explicit calculation shows (see eq.9.0.193 in [15] ) that their velocity at all times, even during the passage of a GW is approximately v µ (λ) ≈ v µ 0 = (1, 0, 0, 0),
where λ parametrizes the evolution, and λ = 0 shows the beginning of passage of the GW. From this result, one finds that the coordinate of the clock during the evolution is approximately equal to [15] X µ (λ) ≈ (u 0 + λ, r 0 , z 0 ,z 0 ).
However, what a clock indicates is its proper time, which we denote by τ . In coordinates which the clock is at rest, the proper time at any λ is equal to τ (λ) = λ λ=0 −g 00 (λ) dX 0 (λ) dX 0 (λ).
The g 00 is not deformed during the evolution from Einstein metric (3) to the BMS metric (6) , and remains equal to −1. So, by dX 0 (λ) = dλ the proper time is equal to
This result shows that surfaces of constant τ coincide with the surfaces of constant X 0 = u 0 + λ, which at the end of the evolution is the u ′ coordinate.
Conclusion
In this paper, it is shown that the speed of light changes, when a GW passes from a distant region. The relation which quantifies this change is given in (16). To justify this relation, it was argued that the physical time coordinate after the GW is the BMS time coordinate. We also provided an approximation which compares the significance of changes of light speed with the standard GM via test particles, which are explained in (20) and (21). The approximation shows that both of these observables fade similarly in terms of the distance from the source of a GW.
The change of speed of light can be an appropriate observable for detecting soft hairs. In addition, it can shed light on the theoretical aspects of black hole microstate problem and information paradox. The hope is that having such a sophisticated observable can open new doors to our understanding of experimental and theoretical aspects of these interesting subjects.
